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1 Introduction 



In 1930's Von Neumann and Murray introduced the notion of coupling constant for 
finite factors (see [III [15], [16]). 1983, V.Jones suggested a new approach to this no- 
tion, defined the notion of index for type IIi factors, and proved a surprising theorem 
on values of the index for subfactors (see [6J). He also introduced a very important 
technique in the proof of this theorem: the towers of algebras. Since then this theory 
has become a focus of many fields in mathematics and physics ( [^). In [8], H.Kosaki 
extended the notion of the index to an arbitrary (normal faithful) expectation from a 
factor onto a subfactor. While Jones' definition of the index is based on the coupling 
constant, Kosaki's definition of the index of an expectation relies on the notion of spa- 
tial derivatives due to A.Connes [2J as well as the theory of operator-value weights due 
to U.Haagerup [3]. In [Hl[n], it was shown that many fundamental properties of the 
Jones index in the type IIi case can be extended to the general setting. At the present 
time, the theory of index thanks to works by V.Jones, P.Loi, R.Longo, H.Kosaki and 
other mathematicians is deeply developed and has many applications in the theory of 
operator algebras and physics (see also [T2l[T3]). 

Unlike to the complex case for real factors the notion of coupling constant (therefore 
the notion of index as well) has not been investigated. In the present paper the notions 
of the real coupling constant and the index for finite real factors are introduced and 
investigated. The main tool in our approach is the reduction of real factors to involutive 
*-anti-automorphisms of their complex enveloping von Neumann algebras. 

2 Preliminaries 

Let B{H) be the algebra of all bounded linear operators on a complex Hilbert space H. 
A weakly closed *-subalgebra 21 containing the identity operator I in B{H) is called a 
W*-algebra. A real *-subalgebra 3? C B{H) is called a real W*-algebra if it is closed in 
the weak operator topology and 3?ni3? = {0}. A real W*-algebra 3? is called a real factor 
if its center Z{^) consists of the elements {AI, A G M}. We say that a real W*-algebra 
3? is of the type I/j„, loo, Hi, Hoo, or HIa, (0 < A < 1) if the enveloping W*-algebra 
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21(3?) has the corresponding type in the ordinary classification of W*-algebras. A linear 
mapping a of an algebra into itself with = a[x)* is called an *- automorphism if 

a{xy) = a{x)a{y)] it is called an involutive *-antiautomorphism if a{xy) = a{y)a{x) 
and a'^{x) = x. If a is an involutive *-antiautomorphism of a W*-algebra M, we denote 
by (M, a) the real W*-algebra generated by a, i.e. (M, a) = {x E M : a{x) = x*}. 
Conversely, every real W*-algebra 3? is of the form (M, a), where M is the complex 
envelope of 3? and a is an involutive *-antiautomorphism of M (see plHlfTTj). Therefore 
we shall identify from now on the real von Neumann algebra 3? with the pair (M, a). 

3 Canonical representation 

Let M (c B{H)) be a finite factor and let r be the unique faithful normal tracial 
state of M. If a is an involutive *-antiautomorphism of M, then it is clear that r 
is automatically a-invariant. Denote by L^(M) the completion of M with respect to 
the norm ||x||2 = t{x*x y/^. Similarly by L^{M, a) we denote the completion of the 
real factor (M, a). Then it is obvious that the Hilbert space L^(M) and the algebra 
B{L'^{M)) of all bounded linear operators on it are the complexifications of the real 
Hilbert space L^(M, a) and of Br{L'^{M,a)), respectively, where -B,.(L^(M, a)) is the 
algebra of all bounded linear operators on the real Hilbert space L^(M, a). Moreover, 
it is easy to show that the Hilbert spaces L^(M, a) and L^(M) are separable. 

For each x G M, set X{x)y = xy, for all y G M. Clearly, ||A(a;)?/||2 < ||s||||y||2. Thus 
A can be uniquely extended to a bounded linear operator on L^(M), still denoted by 
X{x). Then we obtain a faithful W*-representation (A,L^(M)) of M. In a similar way, 
taking the map A,, defined as \r{x)y = xy (for all x,y & (M, a)) we obtain a faithful 
real *-representation (A,., L^(M, a)) of (M, a). 

Theorem 3.1 The map (3 : A(M) A(M) defined as (3{\x) = )\a{x) is an involutive 
*-antiautomorphism of A(M). Moreover, (3 and a are also related in the following 
way: (M, a)/^ = \r{M,a), where {M,a)[^ = {A^ G A(M) : P{Xx) = A*} is the real 
W* -algebra, generated by (3, i.e. (M, a)^ = (A(M),/?). 

Proof. The first part of the assertion is trivial. Further, let A^; G (M, a)/?. Since 
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Pi^x) = A*, then Xa(x) = ^x*- Hence a{x) = x*, i.e. x G (M, a). Then from 

e A(M) C B{L'^{M)) = Br{L\M,a)) +iBr{L\M,a)) 

we have (M, a)/? C Br{L'^{M, a)). Hence (M, a)/3 C A,.(M, a), since A,.(M, a) = {XI e 
Br{L'^{M,a)) : for a{x) = x* and = y*, A^.(?/) := xy}. 

Now let A^ e A^(M,a). Then a{x) = x* and A^ G Ar(M,a) C A(M). Hence 
PiK) = Kix) = K* = iKY, therefore A^ G (M, a)^. □ 

Corollary 3.2 A,.(M, a) is a rea/ W*-algebra, and A(M) zs i/ie complexification of 
Xr{M,a), I.e. Xr{M,a) + iXr{M,a) = X{M). Moreover, {Xr, L'^{M, a)} is a faith- 
ful real W* -representation of {M,a). 

This representation will be called the canonical W*-representation of (M, a). 

4 Commutant of the canonical representation 

Since ||a;||2 = ||a;*||2 for all x G M, the map J : x ^ x* can be uniquely extended to a 
conjugate linear isometry on L'^{M), still denoted by J. From the theory of W*-algebras 
it is well-known that A(M)' = JX{M)J and A(M) = JX{M)'J. Similarly to Theorem 
13.11 and Corollary 13.21 we have the following assertion 

Theorem 4.1 The map (3' : A(M)' ^ A(M)' defined as = JP{J ■ J)J, is 

an involutive *-antiautomorphism of X{My . The set Xr{M,a)' = {Xx> G A(M)' : 
P'{Xx') = A*/} is a real W* -algebra, and A(M)' is the complexification of Xr{M,ay , i.e. 
Xr{M, a)' + iXr{M, a)' = X{M)' . 

We have the following connection between Ar(M, a) and Xr{M,a)'. 

Theorem 4.2 Ar(M, a)' = JXr{M, a) J . 

Proof. Since A^; G Xr{M,a) implies that JX^J G JXr{M,a)J and P{Xx) = A*, we 
have 

l3\JXxJ) = J(3{JJXxJJ)J = J(3{Xx)J = JXIJ = {jx^jy. 
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Hence JA^ J G A^(M, a)', i.e. J K^M , a) J d K^M , a)' . 

Conversely, let A^/ G A^(M,a)' C A(M)' =JX{M)J. Then A^.. = JXyJ, for some 
Aj, G A(M). Since /3(A^./) = A^,, we have (3'{JXyJ) = JX*yJ, i.e. Jl3{JJXyJJ)J = 
JA* J. Hence J^(3{Xy)J^ = J^X*yJ\ i.e. /?(Ay) = A*. Therefore A^, G A,(M, a). Thus 
we obtain A^,/ = JAj^J = JXr{M,a)J, and therefore Aj.(M, a)' C JXr{M,a)J. □ 

Theorem 4.3 T/ie real W* -algebra Ar(M, a)' t/ie commutant of Xr{M,a) in the al- 
gebra Br{L'^{M,a)), I.e. Xr{M,a)' = {X^ G Br{L'^{M,a)) : A^.Ay = A^^A^^., V Aj^ G 
A.(M,«)} 

Proof. Similarly to the proof of Theorem 13.11 for l3'{Xx) = X* we have A^^ G 
Br{L'^{M,a)). Therefore A^,(M,a)' C Br{L'^{M,a)). On the other hand for any 
A^ G A^,(M,a)' C A(M)' and Aj/ G A,.(M,a) C A(M), we have A^Aj^ = A^A^.. □ 

5 Relations between faithful nondegenerate W*-representa- 

tions and the canonical representation 

Theorem 5.1 Let Mi C B{Hi) and M2 C B{H2) be two W*-algebras and let ai be 
an involutive *- antiautomorphism of Mi, i = 1,2. If $ : Mi M2 is a normal 
*-homomorphism with $ o = ^2 o then 

$ = $3 o $2 o $1, 

where 

(^i is a *-homomorphism from Ml onto Mi® CI^ with (^loai = dio(^i defined 
as $(a) = a II, where 1l is the identity operator on an appropriate Hilbert space 
L and di = ai® id; 

^2 is a *-homomorphism from Ml® <C1l onto {Mi® CI l)p' with $2°'^i = f^i°'^'2 
defined as $2(0- ® II) = (o- ® where p' is a projection from {Mi® CIl)' with 

di'(p') = p' and di = Jidi{Ji{.)Ji)Ji ®id, ai{- p') = di{-)p' ; 

$3 is a * -isomorphism from {Mi® <C1l)p' to M2 with $3 o di = 0:2 o $3. 
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Proof. First we assume that (M2, 02) admits a cyclic vector 77. In this case (M2, 02)'? = 
H2 is a real Hilbert space and 

M2^ = (M2,a2)r7 + 2(M2,«2)r7 = i/2 + ^^2 = ^2, 

hence r/ is a cyclic vector of M2. Since $ o = q;2 ° for all « ^ (^ij^i) 
we have 02 ('^'(a)) = = $(a*) = $(a)*, i.e. <l>(a) G (M2,a2). Hence 

$((Mi,ai)) C (M2,Q!2)- Define a functional by 

if{a) =<(^{a)r],r]>, aG(Mi,ai). 

Obviously, is a normal positive functional on (Mi, ai). We can extend by linearity 
to a functional on Mi (still denoted by ip) such that 

(/3(a + z6) = V9(a) + iv9(6), a, 6G(Mi,ai), 

which clearly also is a normal positive functional. Let HI be a real Hilbert space 
with H[ + = Hi such that (Mi,ai) C B{Hl). By [m 4.2.1] there is a sequence 
(^„) C HI with ^ ll'CniP < 00 such that (/^(a) = X] < (^^n,^n >, for all a G (Mi,ai). 
Set Lr = £2 = {(^n) C M : Xln^n < ^o}, L = + iLr, ^ = (^„) C HI (g) and 
$i(a) = a ® II for all a G Mi. Then $1 is a map from Mi to Mi® CI^ and 

($ioai)(a) = $i(ai(a)) = ai(a) (g) II = (ai (g) z(i)(a (g) II) 
= di(<l>i(a)) = (di o$i)(a), 

i.e. $1 o ai = tti o $1. Moreover, for all a G (Mi, ai) we have 

< $i(a)^,^ >=< (a® IlJ^,^ >= J2 < (^^n,^n >= <^{a). 

n 

Let p' be the projection from HI (g Lr to $1 ((Mi, ai))^. Then for all x = a (g 1^^ G 
((Ml, ai)® MIl,,) we have 

= (a ® Iz^je = = xiil ® liJO = a;($i(I)0 
= x(p'($i(I)0) = x(p'(0) = (V)e 
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Similarly, for all 7 e HI with 77^^ we also obtain 

(A)7 = p'($i(a)7) = ^ = a;(^)=a;(p'($i(I)7)) 

Therefore p'x = xp' , i.e. p' e ((Mi,q;i)® MI^J'. Hence p' e (Mi® CI^)' and for 
di — Jidi{Ji{.)Ji)Ji (8) id we have diip') — p'- 

Define the map $2 : -^1® CI^ ^ (Mi® Cl^y as $2(0® II) = (a® IlV, a e Mi. 
Then 

($2 o ai)(a(8) II) = $2(ai(a (g) II)) = $2(0:1(0) ® II) 
= (Q;i(a) 1l)p' = ai(a (g) I^y 
= ai((a ® I^y) = ai($2(a ® II)) 
= (aio$2)(a® II), 

hence $2 o cfi = ai o $2- Since p'^ = p'((I = p'($i(I)0 = $i(I)C = L we 

have 

< ($2 0$i)(a)e,e> = < ($2(a®lLj)e,C>=< (a®lLjp'^,^> 

= < (a0lLje,e>=<$i(a)e,e>=<^(«), 
for all a e (Mi,q;i), i.e. (^(a) =< ($2 o $i)(a)C) C >• 
Now, define a linear map u : $((Mi, ai))r] p'{Hl ® U) as follows: 

u^a)r] = ($2 o $i)(a)e = p'(ae„) = (a^n) (a e (Mi, ai)). 

Since -^$(0)77 = ($2 o $i)(a)C and < ^{a)rj,rj >= (/7(a) =< ($2 o $i)(a)C) C > 
(a e (Ml, Oil)), it follows that ||ii$(a)77||' = ||$(a)77||2, i.e. the map u is an isometry, 
where j| ■ II2 is the norm of the space H2 and || ■ ||' is the norm of the space (8) Lr- 
Moreover, since $((Mi, cti))?; = (M2, a2)?7, ($20$i) ((Mi, cti))^ = $1 ((Mi, ai)){, and 



$((Mi,ai))7;= (M2,«2)77 = i/2' , 
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($2 o $i) ((Ml, = $1 ((Ml, ai))e = p'{Hl L,), 



u can be extended to a unitary operator u : ifg ~^ P'{H[ ® L). Clearly, 
(5.1) u$(a)li = $2 o $i(a), aG(Mi,ai). 

Therefore we can define a spatial real *-isomorphism $3 : ((Mi,ai)® Wl^^p' 
{M2,a2) as $3(0 = u ~^{.)u, and it can be extended to a spatial *-isomorphism 
(still denoted by $3) $3 : (Mi® CIl)p' M2 as $3(0 + z6) = $3(0) + i<l>3(6), where 
a, 6 G ((Ml, ai)® MIl.)p'- Then, by (O) we have $ = $3 o $2 o $1. 

Considering now the general case, the real Hilbert space H2 with H2 + ii?2 = -^2 
can be decomposed as 

Hl = ®iH[ and = (^2, "2)^?/, where rji ^ H^, for / G N. 

Let q'l : ifg ^ (M2, 02)^; = -^2 be the projection. Then G (M2,a;2)', for all /. For 
each /, $i = q'l^ : (Mi, ai) — > (M2, a2)Q'/ is a normal *-homomorphism, which can be 
extended to a normal *-homomorphism : Mi — > M2(3';. Then, by the above argument 
= o o for all /. Set <l>i = i = 1,2, 3. Then $ = $3 o $2 o $1 

and the maps $3, $2, $1 satisfy all our conditions. □ 

Theorem 5.2 Let M be a finite factor and let a be an involutive *-antiautomorphism 
of M . If {tt, H} is a faithful nondegenerate W*-representation of M and tt o a = 
a o Tx for an involutive *-antiautomorphism a of tt{M), then there exist a projection 
p' G (Ar(M, a) ® ^'^^ ^ unitary operator u : H^. ^ p'{L'^{M, a) ®Kj,) such that 

U7r{x) = {X{x) (g) 1k)u, X G M, 

i.e., the real W*-algebras tt{M, a) (= (7r(M), a)) and {Xr{M, a)®lK,.)p' ore spatially *- 
isomorphic and therefore the W*-algebras 7r(M) and (A(M) ® Ia')p' '^^^ ^^^^o spatially 
*-isomorphic; where Kj. is a separable infinite dimensional Hilbert space, and K = 
Kr + iKr. 

Proof. Set Ml = A(M) and M2 = 7r(M). Define the map $ : Mi M2 by 
^{\{x)) = tt{x). Then $ is a *-isomorphism and $(Ar(M, a)) C {n{M),a). Now the 
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conclusion follows immediately from Theorem 15.11 and the separability of H. □ 



6 The coupling constants for real factors 

If M (c B{H)) is a finite factor with the finite commutant M', the coupling constant 
dimM{H) of M is defined as tTM{Ef)/tTM'{Ef), where ^ is a non-zero vector in H, tiA 
denotes the normalized trace and is the projection onto the closure of the subspace 
AC,. This definition, due to Murray and von Neumann in [14j, is independent of ^. We 
recall some properties of the coupling constant ( [lllIlH], see also P, [3], [lOl Ch. 17]) 

(6.1a) dimM(^^(M)) = 1, 
(6.1b) dimAf(F) • dimM'(^) = 1, 

(6.1c) If {vr, i7} and {Tr',H'} are faithful nondegenerate VF*representations 
of M, then dimM(i^) = dimM(i^') if and only if {it,H} ^ {-k',H'}, 
i.e. if these W* — representations are spatially * —isomorphic. 

(6. Id) If {iTi, Hi}i>i is a sequence of faithful nondegenerate Ty*representa- 
tions of M, then diuiM (^"^ Hjj = diniAf (-ffj), 

i i 

(6.1e) If {vr, i7} is a faithful nondegenerate lI^*representation of Af, then 

7r(M)' is finite if and only if dL\m.M{H) < oo. 
(6. If) dimAf (i7) > 1 (resp. < 1) if and only if M admits a separating (resp. cyclic) 

vector. 

We are now in a position to give the definition of the coupling constant for real finite 
factors. Let us first prove an auxiliary Lemma. 

Lemma 6.1 If H is a real Hilbert space and R C B{H) is a real W* -algebra, then 
R' + iR' = {R + iR)' , where the latter commutant is taken in B{H + iH). 

Proof. A straightforward calculation shows that R' + iR' G {R + iR)'. Since 
B{H + iH) = B{H)+iB{H) (see (IH Proposition 1.1.11]), for each a' e (R + iR)' there 
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exist x', y' G B{H) such that a' = x' + iy'. Since a'b = ha' for all 6 = x + G -R + iR, 
we have that x'x — y'y = xx' — yy' and x'x + y'?/ = xx' + yy'. Hence x'x = xx' and 
2/'?/ = yy', i-e. x', G -R'. Therefore a' E R' + iR! . □ 



Now, let M be a finite factor and let a be an involutive *-antiautomorphism of 
M. If {tt, is a faithful nondegenerate W*-representation of M, and vr o a = 
a o 77 for an involutive *-antiautomorphism a of 7r(M), then by Lemma (6 .11 we have 
(7r(M), a)' + z(7r(M), a)' = 7r(Af)'. Since the von Neumann algebra 7r(M)' is semi-finite, 
the real factor (7r(M), a)' is also semi-finite. Thus there exists a unique (up to multipli- 
cation by a positive constant) faithful normal semi-finite a-invariant trace on 7r(M)^. 
We define a natural a-invariant trace on 7r(M)'_,_ as follows. 

(i) If {tt, H} = {A ® I, LP'{M) -ft'}, where is a countably infinite dimensional 
Hilbert space, then the von Neumann algebra (A(M) Ix)' = J\{M)J®B{K) is 
infinite and for the real factor (M, a) we have 

(A,(M, a) ® iKr)' = JXriM, a)J®B{Kr) 

(further, for the sake of convenience, we shall write vr, instead of Ti\[M,a))- Pick an 
orthogonal normalized basis {ejjjgA of where |A| = dime -ft'. Then each element 
t' G (A(M) ® Ik)' can be uniquely represented as t' = [J\{xij)j) , where Xij G M, 
for all If t' G (A^(M, a) ® I^J', i.e. a'{t') = {t')*, then it is not difficult to show 
that Xij G (M, a) (i.e. a{xij) = x*j), for all Define the natural trace as follows 
(see [ini 17.1.4 (i)]): 



Tr^2(Af)^i^(^') = E ^(a^n), t' = {JKx^,)J) e (A(M) ® i^);, 

where r is the unique faithful normal (and hence a-invariant) tracial state on M . It 
is easy to show that the definition of Tr'^aj-^^^^ is independent of the choice of {e,} 
and Tr'^ac^-i^x is a faithful semi-finite normal trace on {\{M)®'1k)'+- Moreover, since 



10 



i i i i 



we have that Tr'j^2(jv/)0ii- is a'- invariant. Therefore, for Tr^2(^/cf)^7^^ defined as follows 



we have 



(ii) For a general faithful nondegenerate W*-representation {vr, H} of M with vroa = 
a o TT by Theorem 15.21 there are a projection p' G (Ar-(M, a) ® 1^^)' and a unitary 
u: Hr ^ p'{L^{M, a) O AT,.) such that 

U7c{x)u* = (A(x) (g) I/^y, X G M, 

where i^',. is a real Hilbert space and K = Kr + iK^. Then we define the natural trace 
as follows (see ^ 11. 1 A (ii)]): 

Tr'^(t') = Tr'^2(M)^i^(«i'w*), t' e vr(M)V . 

The definition of Tr'^ is independent on the choice of u and p', and Tr'^:^ is a faithful 
normal trace on t[{M)'^. Since q;'(u) = u*, we have that Tr^ is a'- invariant. Therefore, 
for Tr'^2(M,a)«K, defined as 



Tr', 



'L^iM,a)^KM''^*) = T42(M)®kK«*)' e (7r(M), «); 



we have 
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If Tt'h^ denotes Tt'^^^m, a)i^Kr^ then we have 

{n{M),ay 



Thus, Tr'ff is a faithful normal semi-finite trace on (7r(M), a)'. 

(7r(M),Q)' 

Definition 6.2 Let M be a finite factor and let a be an involutive *-antiautomorphism 
of M. Suppose that {vr, H} is a faithful nondegenerate W* -representation of M, and 
noa — aoi: for an involutive *-antiautomorphism aof7r{M). Then 

is called the coupling constant between {n{M),a) and (7r(M),a)' relative to H^. 

(iii) Now, in the case where {tt, H} = {A®!, L?'{M) ®K} we choose another basis. 
Namely, pick a real orthogonal normalized basis {/i}ieA' of K, where |A'| = dimjs A'. 
Then each element t' e (A(M) \k)' can be uniquely represented a& t' — (^JX{xij)J), 
where e M, for all If t' e {Xr{M, a) (S> IxrY, i-e. d('{t') = {t')*, then it is not 
difficult to show that Xij e (M, a) (i.e. a{xij) — x*j), for all We set 

^^'LHM)^K(t') = E ^(^u), ^' = J) e (A(M) . 

ieA' 

Clearly, tr'j^2(^M)(^K is also a faithful normal semi-finite trace on (A(M) (8) I^)'^. More- 
over tr'^2(j;^)^;^ is a'-invariant. Similarly, we can show that the definition of tr^a^^)^;^ 
does not depend on the choice of {fi}- 

In the case where u'!r{x)u* — {X{x) <S> Ik)?' {x G M) we put 

The definition of tr'^^ is also independent on the choice of u and p', and the trace tr^ 
is a'-invariant. 

Let {7r,i?} be a faithful nondegenerate W*-representation of M with noa — aon 
for an involutive *-antiautomorphism a of 7r(M). 
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Definition 6.3 The number dim(^M,a){H) = tr'^j^T) is called the coupling constant 

between (7r(M),a) and (7r(M),Q;)' relative to H. 

One has the following relations between dim(^M,a){Hr), dim(^M,a){H) and dimAf(if). 
Theorem 6.4 

dimMiH) = dim(^M,a){Hr) 
The proof of this theorem is obvious. □ 

Let's consider some properties of the coupling constants. 

Proposition 6.5 Let M (c B{H)) be a finite factor and let a be an involutive *- 
antiautomorphism of M. Then 

(i) dim^M,a){L\M)) = 2 and dim^M,a){L\M,a)) = 1. 

(ii) dim(M,a)(i?) ■ dim(M,a)'(i^) = 4 and dim^M,a){Hr) ■ dim(A/_„)/(if^) = 1 

(iii) // {tt, H} and {tt', H'} are a-invariant faithful nondegenerate W* -representations 
of M, then dim(^M,a){H) = dim(^M,a){H') if and only if {it,!!} and {7t',H'} are 
spatially *-isomorphic via a unitary operator w with T[{a{w)) = a7T'{w) = tt'{w)* ; 

(iv) // {vTj, ifj}j>i is a sequence of a-invariant faithful nondegenerate W*- 
representations of M, then dim(^M,a){J2 ^i) = X] dim(M,a)(-f^i); 

i i 

(v) // {tt, H} is an a-invariant faithful nondegenerate W*-representation of M , then 
the following conditions are equivalent: 

a) real von Neumann algebra (7r(M),a)' is finite; 

b) the trace Tr'^^ is finite; 

c) dim(M,Q)(-f^) < oo . 

(vi) dim(M,a) (-f^) > 2 (resp. < 2) if and only if (M, a) admits a separating (resp. 
cyclic) vector. 

Proof. The property fl6.1al) and Theorem 16.41 imply the proof of (i). From (]6.1bp 
and Theorem 16.41 we obtain the proof of (ii). The equivalence of the conditions 
dim(Af a)(if) = d\m(^M,a){.H') and dimA/(if) = dimA/(if') follows from Theorem 16. 4[ 
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= - dim(M,a) {H) 



The equivalence of the conditions dimM{H) = dimj[f{H') and {tt,H} = {vr', iJ'} 
follows from fl6.1cp . By Theorem 15.21 in this case there exists a unitary operator 
w with TT{a{w)) = aTT'{w) = -k'Iw)* which implements this spatial *-isomorphism 
{7T,H} = {n',!!'}, what is required to be proved for (iii). From ( 16.1dl) we obtain 
the proof of (iv). From the theory of real W*-algebras we know that the real von 
Neumann algebra {tt{M), a)' is finite if and only if the von Neumann algebra 7r(M)' is 
finite (see [1]). Then by f lG.lep we obtain the proof of (v). It is easy to see that (M, a) 
admits a separating (respectively, cyclic) vector if and only if M admits a separating 
(respectively, cyclic) vector. Then from (]6.1f[) and Theorem 16.41 we obtain the proof of 
(vi). □ 

Proposition 6.6 If ^ is a finite real factor on a real Hilbert space H with the finite 

commutant 3ft', and t, t' are the unique faithful normal tracial states on 9ft and 9ft' 

respectively, then for any 0) E H the number csr = \ is independent of 

r'(e^) 

the choice of ^. Moreover, we have csr = dimsR(if), where and are the cyclic 
projections from H onto 9ft'^ and 9ft^ respectively. 

Proof. We extend r and r' to 9ft + 29ft and 9ft' + 29ft', respectively, by the linearity as 
r(a + ih) = r(a) + ir(6) and r'(a' + ib') = T'{a') + iT'{b'). It is obvious, that for the 
cyclic projections and from He = H + iH onto 9ft'^ + 29ft'^, 9ft^ + ^9ft^, respectively, 

1 ^(^f)) ^(ef) „. ^(Cf)) . . 1 1 , 1 . r ^ 11- 

we have _ = — —7-. bmce _ is mdependent on the choice of 4, and this 

^ (eg) T'(e^) r (e^) 

number is equal to dimsR+jSR(if + iH), we obtain that dimsj{(iJ) = cj}. □ 



Example 6.7 Let M be a factor of type I„ on an m-dimensional Hilbert space H 
{n,m < 00), and let a be an involutive *-antiautomorphism of M. It is known that 
dimAf(if) = m/n^, i.e dimjvf(if) = dim(if)/ dim(M). Then by Theorem 16.41 we have 
dim(M,Q!)(-f^) = 2m/n^, hence, since dim(M, a) = n^, one has dim(M,o)(-ff) = dtm(M)'' ~ 
dimi;(if)/dim(M,a). 

From the theory of real W*-algebras we know (see P^BlfTT]). that if n is an odd number, 
then M possesses exactly one conjugacy class of involutive *-antiautomorphism, and if n 
is an even number, then there are two conjugacy class of involutive *-antiautomorphism 
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of M. Namely, in the first case (M, a) = M„(R), and in the second case we have also 
the possibility (M, a) = M„/2(EI); where EI is the quaternion algebra. Thus 

<l\m^{H) dimK(if) 

dimM„(R)(i^) = 



V? dim(M„(M)) ' 

4dime(-f/') dv[m{,H) dimH(-ff) 



7 The index of subfactors in finite real factors 

Definition 7.1 Let M C B{H) be a finite factor. Consider a subf actor N d M and 
let a he an involutive *-antiautomorphism of M with a{N) C A^. Consider the real 
factors 3? = (M, a) and Q = {N,a). The index of Q in 3?, denoted by [3? : Q] or by 
[{M,a) : {N,a)], is defined as dimQ{L'^{^)) . 

Between real and complex indices there is the following relation 

Theorem 7.2 We have [(M, a) : (A^, a)] = [M, N], i.e. : Q] = + i?R: : Q + iQ]. 

Proof. By Theorem [631 we have [(M, a) : (N^a)] = dim^N,a)iL'^iM, a)) = 
idim(^,„)(L2(M)) = i ■2dim^(L2(M)) = [M,N] □ 

We recall some properties of the complex index ( [6], [8], [T0| Ch. 17]): if M is a 
finite factor and is a subfactor of M then 

(7.1a) [M : N]= dimN{H)/dimM{H), 

(7.1b) [M : N]> 1, in particular, [M : M] = 1, 

(7.1c) [M : N] = [N' : M'], 

(7. Id) If P is a subfactor of N, then [M : P] = [M : N] ■ [N : P], 

(7.1e) If P is a subfactor of N, [M : P] < oo and [M : P] = [M : N], 

then N = P, 

(7. If) If Mi is a finite factor and Ni is a subfactor of Mi(i = 1,2) 

then [M10M2 : iVi^A''2] = [Mi : Ni] ■ [M2 ■ N2] 
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Similarly to the complex case, using Theorem 17.21 we can prove the following pro- 
perties of the real index 



Theorem 7.3 Let Hr be a real Hilbert space. Suppose that 3? C B{Hr) is a finite 
real factor and Q G ^ is a real suhf actor. Let M = 3? + he the enveloping complex 
factor for 3? and let a he the involutive *-antiautomorphism of M which generates 3?, 
i.e. 3? = (M, a) (in this case it is clear that Q = {N, a), where N = Q + iQ). Then 

r^/i# ^ m dim^N,a){Hr) . . , dimQ(i^^) 

W = di.n,.,„,(fl.) ' l'*^'^] = 5— 

(ii) [(M,a) : {N,a)] > I , i.e. [3? : Q] > 1 . In particular, [(M, a) : (M, a)] = 
[3? : 3?] = 1 . 

(iii) [(M,a) : {N,a)] = [{N^a)' : (M,a)'], i.e. : Q] = [Q' : 3?']. 

(iv) IfQi is a real suhf actor ofQ, then [(M, a) : (A^i, a)] = [(M, a) : (A^, a)] ■ [{N, a) : 
(A^i,a)], I.e. : Qi] = : Q] ■ [Q : Qi], where = Qi + iQi. 

(v) If Qi is a real suhfactor of Q, [3? : Qi\ < oo and [(M, a) : (A^i,a)] = [(M, a) : 
(iV,a)], thenN = Ni, i.e. if [?R: : Qi] = : Q], thenQ = Qi, where Ni = Qi+iQi. 

(vi) Let 3fJj he a finite real factor, and let Qi he a real suhfactor of i = 1,2. If 
Mi = 3?j + i^i and Ni = Qi +iQi are the enveloping complex factors for 3?j and Qi, re- 
spectively, then let ai denote the involutive *-antiautomorphism of Mi, which generates 
3?j, i.e. 3?j = (MjjCtj), z = 1,2. Then 

[(Mi,ai)®(M2,«2) : (A^i, «i)®(A^2, «2)] = [(Mi,ai) : {N^^a^)] ■ [(M2,a2) : (A^2,a2)], 
I.e. [3ii®3?2 : Qi®Q2] = [(3^1 : Qi] ■ [3f?2 : Q2] ■ 



Proof, (i). By Theorem 17.21 and the property f l7.1al) we have [(M, a) : {N,a)] 



[M : A^] 



dimN{Hr + iHr) ^ dim(^N, a) {Hr + iHr) dim(7v,Q)(-ffr 



dimM(^^r + iHr) 5 dim(M,a) {Hr + iHr) dim(M,a) {Hr) ' 



(ii). By the Theorem O and flTTbl) we have [(M, a) : {N,a)] = [M : N] > 1 and 
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[(M,a) : (M,a)] = [M : M] = 1. 

(iii) . As above, let a' be the involutive *-antiautomorphism of M', which generates 
3?', i.e. ^' = {M',a'). Then (M, a)' = (M',a'). Similarly we have (A^, a)' = {N',a'). 
Hence by Theorem 17.21 and the property (17. Id) we have [(M, a) : {N,a)] = [M : A^] = 
[N' : M'] = [{N',a') : {M',a')] = [(A^, a)' : (M,a)']. 

(iv) . By Theorem O and the property (ITldl) we have [(M, a) : (A^i, a)] = [M : A^i] = 
[M:N]-[N: Ni] = [(M, a) : {N, a)] ■ [{N, a) : {N,, a)]. 

(v) . If [{M,a) : (A^i,a)] = [(M, a) : (A^,a)], by Theorem O we have [M : A^i] = 
[(M,a) : (A^i,a)] = [(M, a) : (A^, a)] = [M : A^], i.e. [M : A^i] = [M : A^]. Then by 
frTTel) we obtain A^ = A^i, i.e. Q = Qi. 

(vi) . According to HH page 69] we have 3^1 ^3^2 + i^i®^2 = {^i + i^i)®{^2 + 
i^2), i.e. (Mi,ai)®(M2,a2) + i(Mi, ai)®(M2, 02) = Mi®M2. Similarly, we have 
(A^i, ai)®(A'2, "2) + i{Ni, ai)®(A'2, "2) = A^i®A'2. Then by Theorem O and the pro- 
perty (ITU we get 

[(Mi,«i)®(M2,a2) : (A^i, ai)®(A'2, "2)] = 

[(Mi,ai)®(M2,a2) + z(Mi,ai)®(M2,a2) : (A^i, ai)®(A'2, ^2) + 

^(A^l, ai)®(Ar2, 02)] = [((Mi, ai) + z(Mi, ai))®((M2, ^2) + ^(M2, ^2)) : 

((A^i, ai) + i(A^i, ai))®((A^2, ^2) + i(A'2, a2))] = [Mi®M2 : A^i®A'2] = 

[Ml : A^i] . [M2 : N2] = [(Mi,«i) : (A^i.c^i)] ■ [(M2,«2) : (A^2,a2)]. 
Thus, we have [3?i®3?2 : Qi®Q2] = [{^1 ■ Qi] ■ [^2 ■ Q2] ■ □ 

As it was noted in the introduction, V.Jones in [B] has proved a theorem on the 
values of index for subfactors. Let us recall this theorem 
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Theorem 7.4 ( [6J, Theorem 4.3.1) Let M be a finite factor, and let N be a sub- 
factor of M with [M : A^] < oo. Then one has either [M : A^] = 4cos^ — for some 
integer q > 3 or [M : A^] > 4. 

From Theorems 1 7. 2 1 and 1 7. 41 we obtain the foUowing real version of the above theorem. 

Theorem 7.5 Let M be a finite factor and let N be a subfactor of M with [M : 
A^] < cxD. Given be an involutive *-antiautomorphism a of M with a{N) C A^, put 
3? = (M, a), Q = {N,a). Then one has either [(M, a) : (A^, a)] = 4cos^ — for some 

integer q > 3 or [(M, a) : (A^, a)] > 4, i.e. : Q] = 4cos^— for some integer 
q>3 or [3? : g] > 4. 
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